Abstract. The invariant g (1,1) was introduced by Du and Yau for solving the complex Plateau problem. In this paper, we prove that this invariant never vanishes for any minimal elliptic surface singularity, which confirms Yau's conjecture for the strictly positivity of g (1,1) . We also show that this invariant can be arbitrarily large. As an application of this invariant, we give a new criterion for the regularity problem of the Harvey-Lawson solution to the complex Plateau problem for a strongly pseudoconvex compact CR manifold of dimension 3.
1. Introduction. One of the natural fundamental questions of complex geometry is to study the boundaries of complex varieties. For example, the famous classical complex Plateau problem asks which odd dimensional real sub-manifolds of C N are boundaries of complex sub-manifolds in C N . Harvey and Lawson in their paper [HaLa] proved that for any compact connected CR manifold X in C N , there is a unique complex variety V in C N such that the boundary of V is X. If X is a strongly pseudoconvex CR manifold of dimension 2n−1, n ≥ 2, contained in the boundary of a bounded strongly pseudoconvex domain D in C N , then V has boundary regularity at every point of X and V has only isolated singularities in V −X ( ). In 1981, Yau [Ya1] solved the classical complex Plateau problem for the case n ≥ 3 by calculation of Kohn-Rossi cohomology groups H p,q KR (X). More precisely, suppose that X is a compact connected strongly pseudoconvex CR manifold of real dimension 2n−1, n ≥ 3, in the boundary of a bounded strongly pseudoconvex domain D in C n+1 . Then X is a boundary of the complex sub-manifold V ⊂ D − X if and only if Kohn-Rossi cohomology groups H p,q KR (X) are all zero for 1 ≤ q ≤ n − 2 (see Theorem 3.1).
For n = 2, i.e. X is a 3-dimensional CR manifold, the classical complex Plateau problem remains unsolved for over a quarter of a century. The main difficulty is that the Kohn-Rossi cohomology groups are infinite dimensional in this case. If we assume that V is a complex variety with X as its boundary then the singularities of V are surface singularities. In , the holomorphic De Rham cohomology, which is derived form Kohn-Rossi cohomology, is considered to determine what kind of singularities can exist in V . In , Luk and Yau proved that if (V, 0) is a Gorenstein surface singularity with vanishing s-invariant, then (V, 0) is a quasihomogeneous singularity whose link is rational homology sphere. In they proved that if X is a strongly pseudoconvex compact Calabi-Yau CR manifold of dimension 3 contained in the boundary of a strongly pseudoconvex bounded domain D in C N and the holomorphic De Rham cohomology H 2 h (X) vanishes, then X is a boundary of a complex variety V in D with only isolated singularities in the interior and the normalization of these singularities are Gorenstein surface singularities with vanishing s-invariants (see Theorem 3.2). As a corollary of this theorem, they got that if N = 3, the variety V bounded by X has only isolated quasi-homogeneous singularities such that the dual graphs of the exceptional sets in the resolution are star shaped and all the curves are rational (see Corollary 3.3). Recently, in , the first author and Yau introduced a new CR invariant g (1,1) (X). This new invariant gives a necessary and sufficient condition for the variety V bounded by X with the holomorphic De Rham cohomology H 2 h (X) = 0 being smooth. The CR invariant g (1,1) (X) is deduced from the corresponding invariants g (1,1) 's of singularities. The invariant g
(1,1) of a surface singularity was first defined and studied by the first author and Yau ( ). Moreover, Yau has the following conjecture.
Conjecture. For each normal surface singularity, the invariant g (1,1) is strictly positive.
The first author and Yau showed that this numerical invariant is strictly positive when a surface singularity has C * -action. They also gave explicit calculations for g (1,1) 's for rational double points and cyclic quotient singularities and proved that they are exact 1. In [Du-Ga] , the authors prove that for each rational surface singularity, the invariant g (1,1) also never vanishes and for each rational triple point it is also equal to 1. In this paper, we confirm Yau's conjecture for minimal elliptic singularities and show that g (1,1) can be arbitrarily large.
Theorem A.
• The invariant g (1,1) can be arbitrarily large.
• For minimal elliptic surface singularity, g
(1,1) ≥ 1.
As an application of the CR invariant g (1,1) (X) which is deduced from the invariants of singularities g (1,1) 's, we give a new criterion for regularity problem of the Harvey-Lawson solution to the complex Plateau problem for a strongly pseudoconvex compact CR manifold of dimension 3.
Theorem B. Let X be a strongly pseudoconvex compact rational CR manifold of dimension 3. Suppose that X is contained in the boundary of a strongly pseudoconvex
2. Invariants of singularities. Let V be an n-dimensional complex analytic subvariety in C N with only isolated singularities. In [Ya2] , Yau considered four kinds of sheaves of germs of holomorphic p-forms
is Grauert-Grothendieck sheaf of germs of holomorphic p-form on V . In case V is a normal variety, the dualizing sheaf ω V of Grothendieck is actually the sheaf Ω
is also a coherent sheaf by a theorem of Siu (cf. Theorem A of [Si] ).
In , another sheaveΩ 1,1 V was considered. Definition 2.1. Let (V, 0) be a Stein germ of a 2-dimensional analytic space with an isolated singularity at 0. Define a sheaf of germsΩ 1,1 V by the sheaf associated to the presheaf
where U is an open set of V .
In , the first author and Yau also showed that this sheave is coherent and found the relation betweenΩ V is coherent and there is a short exact sequence
where
The invariant is independent on the resolutions of a singularity. We will omit 0 in g (1,1) (0) if there is no confusion from the context. Yau conjectured that for each normal surface singularity, the invariant g (1,1) is strictly positive. This conjecture was confirmed when the singularities are with C * -action.
Theorem 2.3. ( ) Let V be a 2-dimensional Stein space with 0 as its only normal singular point with C * -action, then g (1,1) ≥ 1 .
Theorem 2.3 is the crucial part for the solution of the classical complex Plateau problem in .
In [Du-Ga] , the authors also showed that g (1,1) is strictly positive for each rational singularity. Moreover, for rational double points, rational triple points and quotient singularities g
(1,1) 's are all equal to 1. (see or [Du-Lu-Ya] ).
Theorem 2.4. ( [Du-Ga] ) Let V be a 2-dimensional Stein space with 0 as its only rational singularity, then g
(1,1) ≥ 1 .
It is well known that the minimal elliptic surface singularities are the simplest singularities except for the rational singularities. The definition of a minimal elliptic surface singularity was first introduced by H. Laufer (see [Lau] ).
Definition 2.5. Let (V, 0) be a 2-dimensional Stein space with 0 as its only normal singular point and π : M → V be the minimal resolution of V with A as its exceptional set. Then (V, 0) is called minimal elliptic if (V, 0) is elliptic and every connected proper subvariety of A is the exceptional set for a rational singularity.
Minimal elliptic singularities can be characterized without explicit use the resolution as follows.
Theorem 2.6. ( [Lau] ) The singularity (V, 0) is minimal elliptic if and only if it is Gorenstein and the geometry genus p g = 1.
We will show that the invariant g (1,1) is strictly positive for each minimal elliptic surface singularity.
Theorem 2.7. For each minimal elliptic surface singularity, g
Proof. Let (V, 0) be a 2-dimensional Stein space with 0 as its only minimal elliptic singularity. So the geometry genus p g = 1 and the singularity is Gorenstein by Theorem 2.6. Let π : (M, A) → (V, 0) be a resolution of the singularity with A as exceptional set. From [St-St], we know that the irregularity q is less than or equal to the geometry genus p g . Hence q = 0 or 1. If q = 0, then any holomorphic 1-form in Γ(M \A, Ω 1 M ) can be extended across the exceptional set A, i.e. Γ(M \A,
If q = 1, by Theorem 3.2 in [Wa] , the singularity has C * -action since the singularity is Gorenstein. So by Theorem 2.3, g
Remark 2.8. It is well known that cusp singularities are included in the minimal elliptic singularities, so for each cusp singularity g (1,1) ≥ 1. In fact, the irregularity is equal to 0 for cusp singularities.
Proposition 2.9. The invariant g (1,1) can be arbitrarily large.
Proof. Recall that Wahl's example 4.6 in [Wa] : the singularity is defined by taking positive weight deformation of the singularity z 2 + x 2a+1 + y 2a+2 = 0, where a is an integer and a ≥ 1. The geometry genus of the singularity is p g = a(a − 1)/2 and the irregularity is q = 0. As same as the arguments in the above theorem, g
(1,1) ≥ a(a − 1)/2.
3. Complex Plateau problem of 3 dimensional strongly pseudoconvex CR manifold. Suppose that X is a strongly pseudoconvex CR manifold. For the definitions and results stated in this section, we recommend the preliminaries in [DuYa1] . If X is a strongly pseudoconvex CR manifold of dimension 2n − 1, n ≥ 2, contained in the boundary of a bounded strongly pseudoconvex domain D in C N , then V has boundary regularity at every point of X and V has only isolated singularities in Ya1] ) Let X be a compact connected strongly pseudoconvex CR manifold of real dimension 2n − 1, n ≥ 3, in the boundary of a bounded strongly pseudoconvex domain D in C n+1 . Then X is a boundary of the complex sub-manifold V ⊂ D − X if and only if Kohn-Rossi cohomology groups H p,q KR (X) are zeros for 1 ≤ q ≤ n − 2.
In 2007, ) introduced so called s-invariant in order to solve the complex Plateau problem as n = 2. But they could not even give a sufficient condition on the boundary such that it determines the smoothness in the interior. Recently, the first author and Yau used new invariants g (1,1) 's for singularities to relate to a new CR invariant g (1,1) (X)( ).
Definition 3.4. Suppose that X is a compact connected strongly pseudoconvex CR manifold of real dimension 3.
where S p are modules of holomorphic sections of ∧ p ( T (X) * ) and T (X) * is the holomorphic cotangent bundle of X. Then we set
Lemma 3.5. ( ) Let X be a compact connected strongly pseudoconvex CR manifold of real dimension 3, which bounds a strongly pseudoconvex variety V with only isolated singularities
Note that this invariant g (1,1) (X) can be calculated on X directly. In , we use this CR invariant to give the sufficient and necessary condition for the variety bounded by a Calabi-Yau CR manifold X being smooth if H 2 h (X) = 0. Theorem 3.6. ( ) Let X be a strongly pseudoconvex compact CalabiYau CR manifold of dimension 3. Suppose that X is contained in the boundary of a strongly pseudoconvex bounded domain D in C N with H 2 h (X) = 0. Then X is a boundary of the complex sub-manifold up to normalization V ⊂ D − X with boundary regularity if and only if g (1,1) (X) = 0.
Theorem 3.7. ( ) Let X be a strongly pseudoconvex compact CR manifold of dimension 3. Suppose that X is contained in the boundary of a strongly pseudoconvex bounded domain D in C 3 with H 2 h (X) = 0. Then X is a boundary of the complex sub-manifold V ⊂ D − X if and only if g (1,1) (X) = 0 .
In this paper, we give a new criterion for the regularity problem of the HarveyLawson solution to the complex Plateau problem for a strongly pseudoconvex compact CR manifold of dimension 3.
Theorem 3.8. Let X be a strongly pseudoconvex compact CR manifold of dimension 3. Suppose that X is contained in the boundary of a strongly pseudoconvex bounded domain D in C N . If there is a non-nilpotent derivation in Γ( T (X)) then X is a boundary of the complex sub-manifold (up to normalization)
Proof. (⇒) : If V is smooth, the result is trivial. (⇐) :Suppose that V is in C N such that the boundary of V is X. Let
be the minimal good resolutions of the singularities with
Denote V i to be a little Stein neighborhood of 0 i , with 0 i as its only singularity and M i = π −1 (V i ). Take a one-convex exhausting function φ on M such that φ ≥ 0 on M and φ(y) = 0 if and only if y ∈ A. Set N r = {y ∈ M, φ(y) ≥ r}. Since X = ∂M is strictly pseudoconvex, any holomorphic tangent field θ ∈ Γ( T (X)) can be extended to a one side neighborhood of X in M , where Γ( T (X)) is the set of holomorphic cross sections of T (X). Hence, θ can be viewed as a holomorphic tangent field on N r , i.e. an element in Γ(N r , T Nr ), where T Nr is a holomorphic tangent bundle on N r . By Andreotti and Grauert's result in [AnGr] , Γ(N r , T Nr ) is isomorphic to Γ(M \A, T M ), where T M is a holomorphic tangent bundle on M . From the condition that there is a non-nilpotent derivation in Γ( T (X)), we know that there also exists a non-nilpotent derivation D in Γ(M \A, T M ) and D restricts to each M i is also non-nilpotent. Recall that any minimal good resolution is equivariant, i.e., Γ(M i \A i , T Mi ) = Γ(M i , T Mi ) = T Vi,0i . Hence there exists a nonnilpotent derivation in each T Vi,0i . By a Theorem of G. Scheja and H. Wiebe (see [Sc-Wi] ) each the singularity (V i , 0 i ) has C * -action. The proof this theorem is now a consequence of Lemma 3.5 and Theorem 2.3.
Corollary 3.9. Let X be a strongly pseudoconvex compact CR manifold of dimension 3. Suppose that X is contained in the boundary of a strongly pseudoconvex bounded domain D in C 3 . If there is a non-nilpotent derivation in Γ( T (X)) then X is a boundary of the complex sub-manifold V ⊂ D − X ⇐⇒ g (1,1) (X) = 0.
Proof. Because every hypersurface singularity is normal, the result follows from Theorem 3.8 directly.
The invariant g
(1,1) (X) can also control the number of singularities in the variety which X bounds in some sense.
Corollary 3.10. Let X be a strongly pseudoconvex compact CR manifold of dimension 3 which is a boundary of a variety V . Suppose that X is contained in the boundary of a strongly pseudoconvex bounded domain D in C 3 . If H 2 h (X) = 0 or there is a non-nilpotent derivation in Γ( T (X)). Then the number of singularities of variety V is less than or equal to g (1,1) (X).
Proof. The result follows from Lemma 3.5, Theorem 3.7 and Theorem 3.8 directly.
